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A B S T R A C T   

In this study, the flow-induced vibration of two-degree-of-freedom staggered circular cylinders at subcritical 
Reynolds numbers is studied numerically with overset dynamic mesh. The streamwise spacing ratio Sx/D of 4 and 
the transverse spacing ratio Sy/D ranging from 0 to 2 are employed to explore the influence of staggered 
arrangement on the vibrations and fluid forces of cylinders. It is found the upstream cylinder mainly experiences 
the vortex-induced vibration while vortex-induced and wake-induced vibrations happen for the downstream one, 
which may be interfering or independent depending on the transverse spacing of cylinders. The phase lag be
tween the displacement and fluid force of the downstream cylinder changes from 0◦ to 180◦ with the increasing 
of inflow velocity, which leads negative add mass and serves as the reason of wake-induced vibration. The 
theoretical formulae to estimate the critical velocity, fluid coefficient and vibration amplitude of wake-induced 
vibration are proposed and validated by the numerical simulations.   

1. Introduction 

The flow-induced vibration (FIV) of circular cylinders is common in 
ocean engineering and always leads fatigue damages. For the isolated 
circular cylinder, the vortex-induced vibration (VIV) occurs when the 
vortex-shedding frequency fv approaches the structural natural fre
quency fn (Sarpkaya, 2004; Martins and Avila, 2019; Ishihara and Li, 
2020). For the cluster circular cylinders, there is a phenomenon that 
significant vibrations of the downstream cylinders are induced by the 
wake of upstream cylinders, which is regarded as wake-induced vibra
tion (WIV). WIV is more harmful than VIV to the structures because it 
happens in a wider range of inflow velocity and its amplitude is gener
ally larger (Li and Ishihara, 2021a). 

To investigate the phenomenon of FIV of cluster circular cylinders, 
previous experimental studies started from the simplified setting of an 
elastically-mounted cylinder vibrating downstream a fixed same cylin
der with tandem arrangement (Assi et al., 2010). It was found the WIV 
happens for small spacing ratio Sx/D and the VIV happens for large Sx/D. 
For the computational fluid dynamics (CFD) simulation of this issue, 
most researches were performed at Reynolds number lower than 500 
where only VIV was observed (Carmo et al., 2011; Mysa et al., 2016). 
The WIV of tandem circular cylinders was successfully reproduced by a 

few studies at the subcritical Reynolds number (Nguyen et al., 2018; Li 
and Ishihara, 2021a). 

Moreover, the circular cylinders in the staggered arrangement are 
more common than the tandem cylinders in the engineering applica
tions. It is also more complicated because the interaction between the 
cylinders is always affected by spacing ratios between the cylinders in 
both streamwise and transverse directions. Through water tank or wind 
tunnel experiments for the freely-vibrating cylinder downstream a fixed 
staggered cylinder, it was found the downstream cylinder exhibited VIV 
and WIV depending on the streamwise and transverse spacings (Yagi 
et al., 2015; Du et al., 2018; Fukushima et al., 2021; Dao et al., 2022). Its 
mechanism was not fully explained since the experiments hardly mea
sure the unsteady fluid forces of vibrating cylinders, while they can be 
easily obtained by the credible numerical simulations. However, few 
researches have been done for the FIV of staggered circular cylinders 
with numerical methods. 

When both the upstream and downstream cylinders in the staggered 
arrangement are able to vibrate, the FIV becomes more complicated. 
Compared to the researches on the FIV of an elastically-mounted cyl
inder downstream a fixed upstream cylinder, there were fewer studies 
on the FIV of two freely-vibrating cylinders at subcritical Reynolds 
numbers. Some experimental and numerical investigation were done for 
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the single-degree-of-freedom (SDOF) circular cylinders (Qin et al., 2019) 
and two-degree-of-freedom (2DOF) circular cylinders (Xu et al., 2021) in 
tandem arrangement at subcritical Reynolds numbers. Mittal and Kumar 
(2001) performed numerical simulation for the FIV of staggered 2DOF 
circular cylinders at Reynolds number of 100 and Griffith et al. (2017) 
did numerical study for the FIV of staggered SDOF circular cylinders at 
Reynolds number of 200. However, the FIV of 2DOF staggered circular 
cylinders at subcritical Reynolds numbers has not been studied 
comprehensively and its mechanism is still hard to understand. 

In this study, the FIV of two identical 2DOF circular cylinders in 
staggered arrangement is studied. The unsteady shear stress transfer 
(SST) k-ω turbulence model is adopted to calculate the fluid force on 
vibrating cylinders at subcritical Reynolds numbers. In Section 2, the 
numerical methods of this research are introduced. Then, the FIV of 
staggered circular cylinders are investigated through the aspects of dy
namic response, fluid force and theoretical analysis in Section 3. Finally, 
the conclusions are summarized in Section 4. 

2. Numerical methods 

In this section, the main information of the numerical method is 
given, including the governing equations of fluid and structure simula
tions, computational domain and numerical mesh. 

2.1. Governing equations of fluid simulations 

The flow around vibrating circular cylinders is simulated by the two- 
dimensional unsteady Reynolds-Averaged Navier-Stokes (RANS) model 
with dynamic mesh, where the continuity and momentum equations 
are： 
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= 0 (1)  
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where x, p and t stand for the coordinate, pressure and time respectively. 
u and û indicate the velocities of fluid and moving mesh respectively. 
The subscripts i and j represent streamwise and vertical directions 
respectively, and the superscript “~” stands for the time averaged value. 
τij is the time-averaged Reynolds stress modelled by 

τij = − 2μtS̃ij +
2
3

ρkδij (3)  

where δij stands for the Kronecker symbol and S̃ij is the mean rate-of- 
strain tensor defined as 

S̃ij =
1
2
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∂ũj
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)

(4)  

k represents the turbulence kinetic energy, and μt indicates the eddy 
viscosity calculated through the SST k-ω turbulence model (Menter, 
1994) as 

μt = ρ k
ω (5)  

where ω is the turbulence frequency. 
Numerical simulations of this fluid-structure interaction problem are 

realized using the ANSYS Fluent 19.3 (ANSYS Inc, 2020) on the 
high-performance computing (HPC) system (AMD EPYC 7742 CPU, 128 
cores, 256 GB memory). About 100 cases with different conditions are 
simulated where each case is simulated with 8 cores and costs about 120 
hours of wall-clock-time. 

2.2. Modelling of structural system 

The dynamic equations of the simulated 2DOF circular cylinders are 
defined as 

mẍ+ cẋ + kx = FD(t) (6)  

mÿ+ cẏ + ky = FL(t) (7)  

where FD and FL stand for the transient drag and lift forces acting on the 
circular cylinders. m, c and k are the mass, damping and stiffness of 
cylinder respectively. The upstream and downstream circular cylinders 
are identical and their parameters in the numerical simulation refer to 
the experiments of Jauvtis and Williamson (2004) shown in Table 1, 

where m* = 4m
ρπD2L represents the mass ratio, ζ = c

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k(m+mA)

√ and fn =

1
2π

̅̅̅̅̅̅̅̅̅̅
k

m+mA

√
stand for the damping ratio and structural natural frequency in 

the still water with mA = 1
4 ρπD2L being the added mass in the still water. 

D represents the diameter of circular cylinders. 

2.3. Numerical domain and mesh 

The numerical domain is two-dimensional with width and depth 
being 45D and 24D respectively shown in Fig. 1. The cylinders are sit
uated 15D downstream the inlet. The streamwise spacing Sx between 
two cylinders is set as 4D and the transverse spacing Sy is in the range of 
0-2D. 

The numerical mesh around the cylinders is presented in Fig. 2. 
y+<1 is kept to simulate the separation flow accurately. The boundary 
conditions at the inlet, outlet, transverse sides and cylinder surface are 
defined as uniform velocity, zero diffusive outflow, symmetric and no- 
slip wall respectively. 2D k-ω model with sliding dynamic mesh was 
used in Li and Ishihara (2021b), but failed to reproduce the VIV of 2DOF 
circular cylinder. In this study, the 2D k-ω model with overset dynamic 
mesh is adopted to simulate the VIV and WIV of 2DOF circular cylinders 
at subcritical Reynolds numbers. This method can accurately reproduce 
large-amplitude vibrations and relative motions of multiple bodies, and 
its efficiency is much higher than the 3D LES (Ishihara and Li, 2020; Li 
and Ishihara, 2021a). Each circular cylinder is surrounded by the O-type 
mesh which overlaps with the background mesh. Most parts of the 
overlapped meshes are deleted after oversetting and only the fringe 
meshes are kept for the variable interpolation. 

The numerical convergence test is performed by the simulated vi
bration amplitude of downstream circular cylinder with Sx = 4 and Sy =

Table 1 
Structural parameters.  

m* ζ m* ζ fn D 

2.6 0.0036 0.009 0.4 Hz 0.05 m  

Fig. 1. Schematic of computational domain.  

T. Li et al.                                                                                                                                                                                                                                        
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1.5 at Ur = 20, corresponding to the large amplitude of WIV, where Ur =
U

fnD represents the reduced velocity. The streamwise and transverse vi

bration amplitudes of cylinder Ax and Ay are estimated by 
̅̅̅
2

√
times of 

the standard deviation of displancement and non-dimensionalized by 
the cylinder diameter D. Over 50 vibration periods are simulated to get 

reasonable statistics. Three numerical meshes with various quantities 
and three time steps are tested as shown in Tables 2 and 3, and the 
change ratios of simulated vibration amplitude are presented in 
brackets. It shows the differences among simulated values decrease with 
the increasing mesh quantities within 5%, which satisfies the engi
neering criterion of convergence. Mesh2 is selected in the present 
research considering both accuracy and efficiency. The differences 
among simulated vibration amplitudes generally decrease with the 
decreasing time step and the difference between simulated vibration 
amplitudes with time step of 0.001s and 0.0005s is smaller than 3%, thus 
the time step of 0.001s is used in the later research considering both 
accuracy and efficiency. 

3. Results and discussion 

The characteristics and mechanism of FIV of 2DOF staggered circular 
cylinders at subcritical Reynolds number are systematically investigated 
in this section. The numerical methods are first validated, then the vi
bration amplitude and trajectory are analyzed, after that the fluid forces 
and flow fields are discussed, and finally the wake-induce vibration is 
analyzed theoretically. 

Fig. 2. Numerical mesh around the cylinders for (a) before overset and (b) after overset.  

Table 2 
Mesh convergence test.   

Mesh quantity Ax/D Ay/D 

Mesh1 31380 0.58422 0.67768 
Mesh2 41984 0.60188 (3.0%) 0.70931 (4.7%) 
Mesh3 86400 0.60947 (1.3%) 0.68657 (3.2%)  

Table 3 
Time step dependency test.  

Time step Ax/D Ay/D 

0.002s 0.61070 0.77676 
0.001s 0.60188 (1.4%) 0.70931 (8.7%) 
0.0005s 0.58847 (2.2%) 0.71877 (1.3%)  

Fig. 3. Variations of (a) streamwise amplitude Ax/D, (b) transverse amplitude Ay/D, (c) mean drag coefficient CD mean and (d) fluctuating lift coefficient CL std with Ur 
for 2DOF isolated circular cylinder. 

T. Li et al.                                                                                                                                                                                                                                        
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3.1. Validation for the numerical methods 

The present numerical methods are firstly validated for simulating 
the FIV of a 2DOF isolated circular cylinder. The vibration amplitudes 
and fluid force ceofficients of the isolated circular cylinder are compared 
to the experimental data by Jauvtis and Williamson (2004) and the 
numerical data by Kang et al. (2018). The numerical settings are same as 
the experimental ones, where the reduced velocity Ur ranges from 2 to 
14 and the Reynolds number Re ranges from 2000 to 14000. The 
simulated non-dimensional streamwise and transverse vibration ampli
tudes Ax/D and Ay/D as well as the mean drag coefficient CD mean and 
fluctuating lift coefficient CL std are shown in Fig. 3, and the vibration 
trajectories are provided in Fig. 4, indicating that the vibration ampli
tude, fluid force coefficient and vibration trajectories are well predicted 

by the present numerical method, while those predicted by Kang et al. 
(2018) underestimated the vibration amplitude around Ur = 8. 

In addition, the present numerical method is also validated for 
reproducing the FIV of two 2DOF tandem circular cylinders with Sx =

4D. The characteriscs of vibration and fluid forces of the downstream 
circular cylinder are compared to the experimental data of Assi (2014) in 
Fig. 5 and the numerical data of Xu et al. (2021) in Fig. 6, where the 
numerical setting is same as the references with Re = 3000–24000 and 
2000–14000 respectively. It is found that the simulated vibration am
plitudes and fluid force coefficients show favorable agreement with 
those from previous research. To the knowledge of authors, this is the 
first numerical study for the WIV of 2DOF circular cylinders at subcrit
ical Reynolds numbers with the validation by experimental data of WIV. 

Fig. 4. FIV trajectories of 2DOF isolated circular cylinder.  

Fig. 5. Variations of (a) streamwise amplitude Ax/D, (b) transverse amplitude Ay/D, (c) mean drag coefficient CD mean and (d) fluctuating lift coefficient CL std with Ur 
for the downstream circular cylinder of two 2DOF tandem circular cylinders with Sx = 4D and structural parameters of Assi (2014). 

T. Li et al.                                                                                                                                                                                                                                        
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3.2. Vibration amplitude and trajectory 

The vibration amplitude and trajectory of two 2DOF staggered cir
cular cylinders with various transverse spacing ratios are then analyzed. 
The Reynolds number Re ranges from 2000 to 25000 and belongs to the 
subcritical regime, which is the common range of the engineering 
practice. The variations of streamwise vibration amplitude Ax/D with Ur 
are displayed in Figs. 7 and 8 with the vibration amplitude of an iden
tical isolated cylinder for comparison. It is seen that the streamwise 
vibration amplitudes of the upstream cylinder at Sy/D = 0.5, 1.0, 1.5 and 
2.0 are similar to those of the isolated cylinder that the vibration 

amplitude generally increases with the reduced velocity for Ur < 7, and 
then decreases and keeps stable, shows the apparent VIV phenomenon. 
Compared to the isolated cylinder, the amplitude of upstream cylinder 
decreases faster for Ur > 7. On the other hand, there are multiple peaks 
in the Ur-Ax/D curve of the downstream cylinder, which is distinguished 
from that of the isolated or upstream cylinder and was also found in 
previous researches (Yu et al., 2016; Armin et al., 2018). The streamwise 
vibration amplitude of the downstream cylinder is slightly higher than 
that of the isolated cylinder for 4 ≤ Ur ≤ 6, which belongs to the VIV 
branch. As Ur increases, Ax/D of the downstream cylinder first decreases 
and then increases again and shows a divergence trend, which shows the 

Fig. 6. Variations of (a) streamwise amplitude Ax/D, (b) transverse amplitude Ay/D, (c) mean drag coefficient CD mean and (d) fluctuating lift coefficient CL std with Ur 
for the downstream circular cylinder of two 2DOF tandem circular cylinders with Sx = 4D and structural parameters of Xu et al. (2021). 

Fig. 7. Variations of streamwise vibration amplitude Ax/D of upstream circular cylinder with Ur for (a) Sy/D = 0.5, (b) Sy/D = 1.0, (c) Sy/D = 1.5 and (d) Sy/D = 2.0.  

T. Li et al.                                                                                                                                                                                                                                        
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features of the WIV branch. As the Sy/D increases, the critical reduced 
velocity of the WIV branch generally increases, results that the VIV and 
WIV branches are interfered for the Sy/D ≤ 1 and independent for the 
Sy/D > 1. 

The variations of transverse amplitude Ay/D with Ur are displayed in 
Figs. 9 and 10 also with the vibration amplitude of an identical isolated 
cylinder for comparison. It is seen that the transverse vibration ampli
tudes of the upstream cylinder are also similar to those of the isolated 
cylinder and show the VIV phenomenon. Compared to the isolated 
cylinder, the peak of vibration amplitude decreases earlier for Ur > 7. On 
the other hand, the transverse vibration amplitudes of the downstream 
cylinder are lower than those of the isolated cylinder in the VIV branch 
of 4 ≤ Ur ≤ 6. As Ur increases, Ay/D of the downstream cylinder first 
decreases, then increases again and shows a divergence trend, which 

belongs to the WIV branch. As the Sy/D increases, the critical reduced 
velocity of the WIV branch also increases, results that the VIV and WIV 
branches are interfered for the Sy/D ≤ 1 and independent for the Sy/D >
1. 

The variations of the vibration trajectory with the reduced velocity 
Ur at various Sy/D for the two cylinders are shown in Fig. 11. It is seen 
that the vibration trajectory of the upstream cylinder is similar to that of 
the isolated 2DOF cylinder (Li and Ishihara, 2021b). For Ur = 2, the 
upstream cylinder is subject to the streamwise vibration. For 2< Ur ≤ 6, 
the vibration trajectory develops into figure-eight shape indicating the 
streamwise vibration frequency is twice of the transverse one. When 
Ax/D and Ay/D reach their maxima in 6< Ur ≤ 8, the trajectory of the 
upstream cylinder becomes the crescent shape. When Ur continues to 
increase in 8<Ur ≤ 12, the upstream cylinder becomes the transverse 

Fig. 8. Variations of streamwise vibration amplitude Ax/D of downstream circular cylinder with Ur for (a) Sy/D = 0.5, (b) Sy/D = 1.0, (c) Sy/D = 1.5 and (d) Sy/D 
= 2.0. 

Fig. 9. Variations of transverse vibration amplitude Ay/D of upstream circular cylinder with Ur for (a) Sy/D = 0.5, (b) Sy/D = 1.0, (c) Sy/D = 1.5 and (d) Sy/D = 2.0.  

T. Li et al.                                                                                                                                                                                                                                        
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vibration. When Ur > 12, the vibrations in both directions are not 
obvious. Compared to the upstream cylinder, the vibration trajectory of 
the downstream cylinder is more unstable and irregular. At most range 
of Ur, the downstream cylinder vibrates in nonperiodic trajectories 
composed of figure-eight, oval and elliptical trajectories. Only for the 
range between the gap of VIV and WIV branches, the vibration of the 
downstream cylinder becomes relatively periodic. 

3.3. Fluid forces and flow fields 

The variations of mean drag coefficient CD mean and fluctuating lift 

coefficient CL std of the freely-vibrating staggered cylinder with Ur are 
displayed in Fig. 12 with the force coefficients of the freely-vibrating 
isolated cylinder for comparison. It is found that the CD mean and CL std 
of the upstream cylinder are similar to those of the isolated cylinder. The 
peak of CD mean on the upstream cylinder are smaller and decreases 
earlier for Ur > 7 compared to the isolated cylinder. On the other hand, 
CD mean and CL std on the downstream cylinder are different from those of 
the isolated cylinder. Compared with the isolated cylinder, the CD mean 
and CL std of the downstream cylinder at the VIV branch are generally 
lower, while the CL std of the downstream cylinder at the WIV branch are 
generally higher. The difference is more significant for the smaller Sy/D 

Fig. 10. Variations of transverse vibration amplitude Ay/D of downstream circular cylinder with Ur for (a) Sy/D = 0.5, (b) Sy/D = 1.0, (c) Sy/D = 1.5 and (d) Sy/D 
= 2.0. 

Fig. 11. Variations of the vibration trajectories with Ur at various Sy/D for (a) upstream circular cylinder and (b) downstream circular cylinder.  

T. Li et al.                                                                                                                                                                                                                                        
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because of the larger wake effect. 
In addition, the fluid force coefficients on the stationary staggered 

circular cylinders are also simulated by the 2D k-ω model and compared 
with the results by the 3D LES model in the previous research (Li and 
Ishihara, 2021a) as shown in Table 4. It is found that the 2D k-ω model 
generally overestimates the fluid force coefficients of the stationary 
staggered circular cylinders, because the three-dimensionality of flow 
field around stationary circular cylinders cannot be simulated with 2D 
model (Li and Ishihara, 2021b). Only the CD mean of downstream cylinder 
at Sy/D = 0.5 is underestimated by the 2D k-ω model because the 
strength of vortices shed from the upstream cylinder and the suction on 
the front surface of the downstream cylinder are overestimated. Even 
though, the 2D k-ω model is effective to reproduce the vibration 
amplitude of FIV as shown in Figs. 3–6 because the two-dimensionality 
of flow field around vibrating circular cylinders increases. 

The contours of logarithmic normalized power spectral density (PSD) 
of the drag and lift coefficients of the two cylinders are presented in 
Fig. 13 to identify the dominant vortex shedding frequencies fCD and fCL . 
The results of Sy/D = 1.5 are shown for instance. It is found for both drag 
and lift coefficients of the two cylinders, the lock-in phenomenon hap
pens in the VIV branch. The frequency of drag force fCD is locked in about 
twice the structural natural frequency and the frequency of lift force fCL 

is locked in about the structural natural frequency. The increase of fCD 

and fCL in the lock-in regime is due to the negative added mass which 
will be discussed in Section 3.4. In the WIV branch, the frequency of drag 
force on the upstream cylinder follows St = 0.38 and the frequency of lift 
force on the upstream cylinder follows St = 0.19, while both the 

frequencies of drag and lift forces on the downstream cylinder follows 
the St = 0.19. Multiple frequencies are observed in both drag and lift 
coefficient of the two cylinders in the VIV branch, equal one, two, three 
and four times of the structural natural frequency, while only one fre
quency generally dominates in the WIV branch. 

The time histories of transverse displacement y/D and lift coefficient 
CL as well as contours of vorticity ωz at four phases in a vibration period 
for the staggered circular cylinders with Sy/D = 1.5 are presented in 
Fig. 14, where ωz is calculated by (∂uy/∂x-∂ux/∂y)/(U/D), T stands for the 
vibration period and t0 indicates the time when the downstream cylinder 
passes the balance position with positive velocities. The results of Ur = 2, 
6, 8, 14, 18, and 22 are provided for example. It is found that at Ur = 2, 
two parallel vortices shed from the upstream cylinder per vibration 
period and form the side-by-side 2S vortex shedding mode. These 
vortices will pass nearby the downstream cylinder and increase the scale 
of vortices shed from the downstream cylinder, resulting in larger lift 
coefficients of the downstream cylinder. At Ur = 6, two single opposite- 
sign vortices shed from the upstream and downstream cylinders per 
vibration period, which forms the 2S pattern. Under the interference of 
vortices shed from the upstream cylinder, the vortices shed from the 
downstream cylinder also have larger scales and result in larger lift 
coefficients. At Ur = 8, the second vortex shedding happens for the 
upstream cylinder, which forms the 2T pattern and high-frequency 
fluctuation of lift coefficients, following the description in Li and Ishi
hara (2021b). The vortices shed from the upstream cylinder will merge 
with those shed from the downstream cylinder and forms large-scale 
vortices in the wake of downstream cylinder. As a result, the lift coef
ficient of the downstream cylinder fluctuates with large amplitudes but 
low frequency. At Ur = 14–25, two pairs of opposite-sign vortices 
generally shed per vibration period from the upstream and downstream 
cylinders. They form the 2P pattern and lead the out-of-phase between 
displacement and lift coefficient, which is the main feature of WIV. 

3.4. Theoretical analysis of wake-induced vibration 

The dynamic equation of the circular cylinder with fluid forces 
decomposition in the transverse direction is expressed as (Li et al., 2018; 
Ishihara and Li, 2020) 

Fig. 12. Variations of (a) mean drag coefficient CD mean of upstream circular cylinder, (b) fluctuating lift coefficient CL std of upstream circular cylinder, (c) mean drag 
coefficient CD mean of downstream circular cylinder, and (d) fluctuating lift coefficient CL std of downstream circular cylinder with Ur. 

Table 4 
Comparison of fluid force coefficient of stationary staggered cylinders simulated 
by 2D k-ω and 3D LES model.  

Model Sy/D Upstream cylinder Downstream cylinder 

CD mean CL std CD mean CL std 

2D k-ω 0.5 1.4821 1.2027 0.3646 0.9808 
1.0 1.4789 1.1942 0.6353 0.8521 

3D LES 0.5 1.2077 0.5182 0.6154 0.8036 
1.0 1.2533 0.7884 0.5697 0.8281  

T. Li et al.                                                                                                                                                                                                                                        
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mÿ+ cẏ+ ky=FL(t)=Fb(t) + Fu(t, y, ẏ, ÿ) (8)  

where Fb represents the buffeting force and Fu stands for the unsteady 
fluid force as a function of time t, displacement y, velocity ẏ and accel
eration ÿ. 

Fu can be decomposed into the in-phase force Fm and the out-of-phase 
force Fc based on the orthogonality of y (or ÿ) and ẏ as 

Fu(t, y, ẏ, ÿ)=Fm(t, y, ÿ) + Fc(t, ẏ) (9) 

Fm and Fc are linearly approximated as 

Fm(t, y, ÿ)= − maÿ (10)  

Fc(t, ẏ)= − caẏ (11)  

where ma and ca are added mass and damping respectively because they 
cause changes in the total mass and damping of system. Then the dy
namic equation of the circular cylinder is rewritten as 

(m+ma)ÿ+(c+ ca)ẏ+ ky=Fb(t) (12)  

ma and ca can be identified through the orthogonality of ÿ and ẏ as 

ma = −

∫T

0

FL(t)ÿ(t)dt

∫T

0

ÿ(t)2dt

(13)  

ca = −

∫T

0

FL(t)ẏ(t)dt

∫T

0

ẏ(t)2dt

(14) 

The displacement y and lift force FL of the vibrating circular cylinder 
under vibration can be approximated by harmonic formulae as 

y=A sin(ωt) (15)  

FL =
1
2

ρU2DLĈL sin(ωt+φ) (16)  

where ĈL is the amplitude of lift coefficient CL and φ is the phase delay 
between the FL and y. 

Based on the quasi-steady theory, FL depends on the relative position 
of the downstream cylinder, thus ĈL equals to the mean lift coefficient 
CL mean of the fixed downstream cylinder at the transverse position 
equaling the vibration amplitude A. It is found CL mean is linear to Sy for 
− 0.5<Sy < 0.5D and Sx = 4D (Li and Ishihara, 2021a), so ĈL is modelled 
as 

ĈL =α A
D

(17)  

where α is the absolute slope of CL mean to Sy/D. The relationship between 
ĈL and A becomes nonlinear for large A, which will be further consid
ered in our future work. 

Combining Eqs. (13)-(17), the added mass and damping are derived 
as 

ma =
1

2ω2 ρU2Lα cos(φ) (18)  

ca = −
1

2ω ρU2Lα sin(φ) (19) 

It means the magnitudes of ma and ca increase with the inflow ve
locity U, the absolute slope of lift coefficient α and cosine/sine of phase 
lag φ. 

As illustrated in Fig. 15, the phase lag φ jumps from 0◦ to 180◦ in the 

Fig. 13. Normalized power spectral densities of (a) drag coefficient of upstream circular cylinder, (b) lift coefficient of upstream circular cylinder, (c) drag coefficient 
of downstream circular cylinder, and (d) lift coefficient of downstream circular cylinder for Sy/D = 1.5. 

T. Li et al.                                                                                                                                                                                                                                        
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VIV branch, results ma changes from positive to negative after the VIV 
branch and ca is close to null except in the VIV branch. After the VIV 
branch, the magnitude of negative added mass increases and the total 
system mass ma + m decreases as the inflow velocity U increases. When 

U researches a critical value, ma = − m and the total system mass be
comes zero, then WIV branch is developed with significant vibration 
amplitude. The critical velocity of WIV uWIV is defined at this condition 
as 

Fig. 14. Time histories of transverse displacement y/D and lift coefficient CL and contours of vorticity ωz for the circular cylinders with Sy/D = 1.5.  
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m −
1

2ω2 ρuWIV
2Lα = 0 (20) 

The non-dimensional critical velocity of WIV UWIV is then derived as 

UWIV =
uWIV

fnD
=

̅̅̅̅̅̅̅̅̅̅̅̅̅
2π3

α m*

√

(21)  

The numerically simulated variations of added mass ratio m*
a, add 

damping ratio ζa and total vibration amplitude A =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Ax
2 + Ay

2
√

with 
reduced velocity Ur for various Sy/D are shown in Fig. 16. As the lift 
slope α equals 0.58 for Sx/D = 4 according to Li and Ishihara (2021a), 
the critical reduced velocity of WIV UWIV predicted by the proposed 
theoretical model and the critical reduced velocity of VIV UVIV = 1/ St 

are also denoted. The added mass ratio m*
a is defined as ma normalized 

by the displaced fluid mass and the added damping ratio ζa is defined as 
ca normalized by the critical damping as 

m*
a = −

∫T

0

FL(t)ÿ(t)dt

∫T

0

ÿ(t)2dt

/(
1
4

ρπD2L
)

(22)  

ζa = −

∫T

0

FL(t)ẏ(t)dt

∫T

0

ẏ(t)2dt

/
(

2
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
k(m + mA)

√ )
(23) 

The numerical results prove the theoretical inference that the added 
mass ratio m*

a is positive before the VIV branch and decreases to be 
negative in the WIV branch. It approaches the negative structural mass 
ratio of circular cylinder when the WIV is developed. In the VIV branch, 
the added damping ratio ζa is negative and close to the negative value of 
structural damping ratio, and the negative added mass ratio in the lock- 

Fig. 15. Phase lags between lift force and displacement of the down
stream cylinder. 

Fig. 16. Variations of (a) added mass ratio, (b) added damping ratio and (c) total vibration amplitude with Ur for circular cylinders.  

Fig. 17. Comparison of theoretically predicted and numerical simulated lift 
coefficients for Sy/D = 1.5 and Ur = 22. 
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in regime results that the fCD/fn and fCL/fn there increase with Ur as 
shown in Fig. 13. It is obvious that the VIV is caused by the negative 
added damping, while the WIV is induced by the negative added mass. 

Equations (6) and (7) are further solved using the fourth-order 
Runge-Kutta method, where both the streamwise and transverse vibra
tions as well as lift and drag forces are considered. The mean compo
nents of fluid force coefficients CD mean(x, y) and CL mean(x, y) are 
calculated based on the quasi-steady theory and the experimental data 
of fluid force coefficients for static staggered cylinders (Li et al., 2019), 
the fluctuating component of drag force is neglected due to its small 
magnitude, and the fluctuating component of lift force is modelled as 
harmonic in time at the angler frequency ω as 

FD(t)=
1
2

ρU2DLCD mean(x, y) (24)  

FL(t)=
1
2

ρU2DL
[
CL mean(x, y)+CL std

(
Sx, Sy

)
⋅ sin(ωt)

]
,ω= St⋅U

/

D (25) 

The transient lift force coefficient predicted by this theoretical model 
are compared with those simulated by the present CFD model for Sy/D =
1.5 and Ur = 22 as shown in Fig. 17 for example. It is found that the fluid 
the force coefficient during WIV can be favorably estimated by this 
theoretical model. 

The theoretically predicted vibration amplitudes are also compared 
with the numerical simulated ones and those estimated by the quasi- 
steady-theory-based wake-induced flutter model (Price and Piperni, 
1988; Li et al., 2019). The results for Sy/D = 0.5 and 1.5 are shown in 
Fig. 18 for example. It is found that the present theoretical model 
qualitatively reproduces the trend of WIV and is better than the 
quasi-steady-theory-based wake-induced flutter model. The VIV branch 
cannot be reproduced because the unsteady effect there has not been 
included. The high-order unsteady fluid dynamic derivatives should be 
considered to improve the accuracy (Yagi et al., 2015; Oka and Ishihara, 
2020; Fukushima et al., 2021; Fehér and Avila, 2022), which will be 
investigated in the next step. 

4. Conclusions 

The flow-induced vibration of two-degree-of-freedom staggered cir
cular cylinders at subcritical Reynolds numbers is investigated by nu
merical simulations. The vibration amplitude, fluid forces, trajectories, 
flow fields and theoretical models are studied. The main conclusions are 
summarized as follows:  

(1) The upstream cylinder mainly experiences the vortex-induced 
vibration (VIV) when the vortex shedding frequency ap
proaches the structural natural frequency, while VIV and wake- 
induced vibration (WIV) occur in the downstream cylinder, 

which may be interfered or independent depending on the 
transverse spacing of the two cylinders.  

(2) The mean drag and fluctuating lift coefficients of the downstream 
cylinder in the VIV branch are generally lower than those of the 
upstream cylinder, while the fluctuating lift coefficient of the 
downstream cylinder at the WIV are generally higher than those 
of the upstream cylinder, and the difference is larger for the 
smaller Sy/D. 2P vortex shedding pattern and the out-of-phase 
between displacement and lift coefficient are the main feature 
of WIV  

(3) The phase lag between the displacement and fluid force of the 
downstream cylinder changes from 0◦ to 180◦ with the increasing 
inflow velocity, which leads negative add mass and serves as the 
reason of wake-induced vibration. The theoretical formulae to 
estimate the critical velocity, fluid coefficient and vibration 
amplitude of wake-induced vibration are proposed and validated 
by the numerical simulations. 
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