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Numerical study of distributed hydrodynamic forces on a circular heave plate by
large-eddy simulations with volume of fluid method
Shining Zhanga and Takeshi Ishiharab

aClimate Change & Environment Research Division, Economy & Technology Research Institute, Global Energy Interconnection Development and
Cooperation Organization, Beijing, People’s Republic of China; bDepartment of Civil Engineering, School of Engineering, The University of Tokyo
Hongo, Tokyo, Japan

ABSTRACT
Distributed hydrodynamic forces on circular heave plates are investigated by large-eddy simulation (LES)
with volume of fluid (VOF) method. First, the predicted added mass and drag coefficients for a whole
heave plate is validated by published experimental data. The distributions of hydrodynamic loads on
the circular heave plates are then investigated. It is found that maximum dynamic pressure occurs at
the plate centre and decreases monotonically towards the outer regions. Finally, formulas of
distributed added mass and drag coefficients in the radial direction are proposed based on present
numerical simulations, and effects of aspect ratio and diameter ratio on the distributed added mass
and drag coefficients are investigated.
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Nomenclature

rt aspect ratio of heave plate thickness to diameter
Rd diameter ratio of heave plate diameter to column diameter
Ca added mass coefficient
Cp dynamic pressure around heave plate
Cd drag coefficient
FH(t) time-varying hydrodynamic force
Dc column diameter
Fb buoyance force
DHp heave plate diameter
FK (t) time-varying hydrostatic force
tHp heave plate thickness
r normalised radial distance

the characteristic area of the heave plate
hp model draft

1. Introduction

Floating offshore wind turbines (FOWTs) are a promising
innovation used to capture huge potential offshore wind energy
in deep water areas. The world’s first full-scale 2.3 MW spar-
type FOWT in Hywind project was installed in Norway by Sta-
toil Hydro in 2009 (Hywind 2009), and the second prototype
was the 2 MW semi-submersible FOWT in WindFloat project
deployed in Portugal by Principle Power in 2011 (WindFloat
2011). In Japan, a 2 MW spar-type FOWT in GOTO-FOWT
project was built off the coast of Kabashima in 2013 (Utsuno-
miya et al. 2014). In addition, another 2 MW semi-submersible
FOWT and a 7 MW V-shape semi-submersible FOWT in
Fukushima FORWARD project were completed off the coast
of Fukushima in 2013 and 2015, respectively (Fukushima
2013). In the semi-submersible and advanced spar FOWTs,
heave plates are usually adopted to reduce heave motions and
to shift heave resonance periods out of the first-order wave

energy range (Lopez-Pavon and Souto-Iglesias 2015). Some
new concepts of floating platform have been adopted. A substa-
tion and a new 5 MW FOWT constructed in Fukushima FOR-
WARD project (Fukushima 2013) adopt an advanced spar
consisting of multiple heave plates. The hydrodynamic charac-
teristics of the heave plates are key factors during designs of
platform that support the FOWT.

Hydroelastic vibration and plate mode shapes of circular
plates have been investigated in the studies by Amabili et al.
(1996) and Askari et al. (2013). Morison’s equation and poten-
tial theory are widely used to predict hydrodynamic loads on
the heave plates of FOWTs (Jonkman 2007; Phuc and Ishihara
2007; Kvittem et al. 2012; Waris and Ishihara 2012; Browning
et al. 2014; Ishihara and Zhang 2019). The hydrodynamic
coefficients, namely, added mass coefficient and drag coefficient
(hereinafter referred to as Ca and Cd , respectively) of the heave
plates need to be determined when evaluating hydrodynamic
loads on heave plates by either Morison’s equation or potential
theory. The hydrodynamic coefficients of the heave plates as a
whole have been intensively studied by means of water tank
tests (Li et al. 2013; Lopez-Pavon and Souto-Iglesias 2015;
Zhang and Ishihara 2018), numerical simulations (Tao and
Thiagarajan 2003a; Tao and Thiagarajan 2003b; Tao et al.
2004; Tao and Cai 2004; Tao et al. 2007; Yang et al. 2014; Gar-
rido-Mendoza et al. 2015; Lopez-Pavon and Souto-Iglesias
2015; Zhang and Ishihara 2018), or empirical formulas (Tao
and Cai 2004; Tao et al. 2007; Zhang and Ishihara 2018). How-
ever, the time series of distributed load which is absolutely
necessary for structural design is seldomly studied. The distrib-
uted load could be expressed by a sum of inertia force and
damping force as in Morison’s equation. Or, damping force
expressed by drag coefficient is combined into potential theory
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when evaluating the hydrodynamic loads. Thus, no matter
which theory is used, distributed hydrodynamic coefficients
are needed to be provided for structural design.

Water tank test is one of the ways to determine the hydro-
dynamic load distribution by measuring dynamic pressure dis-
tribution on the plate (Lopez-Pavon and Souto-Iglesias 2015).
In the study by Lopez-Pavon and Souto-Iglesias (2015), the
dynamic pressure distribution on the upper and lower surface
of a circular heave plate was measured. It was observed that
dynamic pressure on lower surface was larger than that on its
corresponding upper surface. In addition, dynamic pressure
near the plate centre was larger than that on the outer regions.
This indicates that the hydrodynamic load distribution on the
plate is not uniform.

Computational fluid dynamics (CFD) is an alternative way
to investigate the hydrodynamic load distribution on offshore
structures (Chandrasekaran and Madhavi 2014; Chandrase-
karan et al. 2015; Chandrasekaran and Madhavi 2015a; Chan-
drasekaran and Madhavi 2015b; Chandrasekaran and Madhavi
2015c; Chandrasekaran and Madhavi 2016). Holmes et al.
(2001) studied the hydrodynamic coefficients of a square
heave plate via a finite element method with LES turbulent
model. Detailed load distribution on the plate was obtained,
but the distributed Ca and Cd was not evaluated. As concluded
from previous studies (Tao and Thiagarajan 2003a; Tao and
Thiagarajan 2003b; Tao and Cai 2004; Lopez-Pavon and
Souto-Iglesias 2015), the Ca and Cd are functions of aspect
ratio, diameter ratio and KC number. However, the effect of
these parameters on distributed Ca and Cd has not been studied
yet.

Empirical formulas are cost-effective compared with water
tank tests and numerical simulations, making them beneficial
for optimised design of heave plates. The Ca and Cd for a
whole heave plate are studied in the references (Graham
1980; Tao and Cai 2004; Tao et al. 2007; Philip et al. 2013;
Zhang and Ishihara 2018). However, formulas of the distribu-
ted Ca and Cd have not been proposed yet.

In this study, the effects of geometrical parameters and KC
number on the radially distributed Ca and Cd of circular
heave plates are systematically investigated. Section 2 describes
governing equations with LES model and VOF method, grid
arrangement, numerical schemes and boundary conditions.
In Section 3, the validation of numerical results by published
experimental data is performed and the mechanism of hydro-
dynamic load distribution with the flow pattern is clarified.
In addition, the distributed Ca and Cd are defined and investi-
gated considering the effect of geometrical parameters, i.e.
diameter ratio and aspect ratio. Finally, formulas of radially dis-
tributed Ca and Cd are proposed. The conclusions are summar-
ised in Section 4.

2. Numerical model

The governing equations and LES turbulent model with VOF
are given in Section 2.1. The computational domain is
described in Section 2.2. Section 2.3 presents numerical
schemes and boundary conditions. The hydrodynamic coeffi-
cients are defined in Section 2.4.

2.1. Governing equation

Considering Reynolds-averaged Navier–Stokes (RANS) turbu-
lence models (SST) overestimated drag coefficient as observed
in Figure 1, large-eddy simulation (LES) is adopted in this
study to simulate the flows around the plate. The Boussinesq
hypothesis is employed, and the standard Smagorinsky–Lilly
model is used to calculate the subgrid-scale (SGS) stresses.
The governing equations in Cartesian coordinates are
expressed in the form of tensor as

∂̃ui
∂xi

= 0 (1)

∂r̃ui
∂t

+ ∂r̃uĩuj
∂xj

=− ∂̃p
∂xi

+ ∂

∂xj
m

∂̃ui
∂xj

+ ∂̃uj
∂xi

( )[ ]
− ∂tij

∂xj
+rgi (2)

where ũi and p̃ are filtered mean velocity and pressure, respect-
ively. m is dynamic viscosity, r is the density of fluid, gi is the
component of the gravitational acceleration g in the direction
of the coordinate xi. tij= r(ũiuj−ũĩuj) is SGS (subgrid-scale)
stress resulting from the filtering operations, and it is modelled
as

tij= −2mt̃Sij+
1
3
tiidij (3)

where mt is subgrid-scale turbulent viscosity and S̃ij is the rate-
of-strain tensor for the resolved scale defined as

S̃ij= 1
2

∂̃ui
∂xj

+ ∂̃uj
∂xi

( )
(4)

Smagorinsky model is used for the subgrid-scale turbulent
viscosity, mt and is defined as

mt= rL2S |̃S|= rL2S

������
2̃Sij̃Sij

√
(5)

Here, LS is the mixing length for subgrid-scales, and it is given
by

LS = min (kd, CsV
1/3) (6)

where k is the von Karman constant, 0.42, Cs is Smagorinsky
constant. Cs = 0.032 is used in the present study following sug-
gestion in reference (Oka and Ishihara 2009) since the second-
order implicit discretisation scheme is utilised in this study, in
which numerical diffusions are small and positive. d is the dis-
tance to the closest wall and is the volume of a computational
cell.

Volume of fluid (VOF) model is used in this study to model
air and water. The volume fraction of water will be solved to
capture the interface between air and water. Continuity
equation for the volume fraction of water, aw, reads

1
rw

∂

∂t
(awrw)+ ∇(awrw�vw)

[ ]
= 0 (7)

where rw is the water density.
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2.2. Configuration of a circular heave plate and
computational domain

Schematic of the heave plate model is shown in Figure 2. A cir-
cular column is attached on the upper surface of the circular
heave plate. The dimensions of the model are listed in
Table 1. Draft of the heave plate is 500, and 85 mm of the
model is above the still water level (SWL). Diameter of the
heave plate is 334 mm. The thickness of the heave plate varies
from 1.67 mm to 133.6 mm, which corresponds to the aspect
ratio,rt(= tHp/DHp), in the range from 0.005 to 0.4. The diam-
eter of the column varies from 50 mm to 133.6 mm, which cor-
responds to the diameter ratio, Rd = DHp/Dc, ranging from 2.5
to 6.68. In order to investigate distributed hydrodynamic force
on the plate in its radial direction, the heave plate is divided into
nine annular panels as shown in Figure 2(b). The diameter of
P1 is 66.8 mm, and radial spacing between each adjacent
plane is 16.7 mm.

Quality of computational grid plays a crucial role in the
reliability of numerical results. For this reason, a simple grid-
convergence is studied to choose a reasonable grid system fol-
lowing the study by Zhang and Ishihara (2018). The whole
computational domain and final grid is displayed in Figure 3
(a). The computational domain is divided into two subdomains

with respect to two phases. The lower subdomain is used to
simulate the phase of water, and its depth is 3.1 hp from still
water level (SWL). The upper subdomain that considers the
phase of air has a height of 0.6 hp above the SWL. In order
to mitigate the reflecting flow from the boundary, side walls
are located sufficiently far away from the model. The distance
between the model and inlet and outlet is 40 Dc and 52 Dc,
respectively (Dc is the diameter of centre column). Structured
grid is generated in the computation domain, and the grid is
refined at the locations where substantial flow separation is
expected as shown in Figure 3(b). As an attempt to capture
the shape of free surface, the grid is refined near SWL as well.
As listed in Table 1, several configurations of heave plates are
simulated in this study. The total grid number in the compu-
tational domain, therefore, differs in each model. The grid
number ranges from 3.5 million to 3.9 million in those models.
Time step dependence has been studied in the study by Zhang
and Ishihara (2018), and 0.001s is finally used in this study to
take into account the numerical accuracy and computational
efficiency. Grid parameters near the column and heave plate
are listed in Table 2.

2.3. Numerical scheme and boundary conditions

A finite volume method is employed for the present time-
dependent numerical simulations. A second-order central
difference scheme is used for the convective and viscous
terms. A first-order implicit scheme is employed for the
unsteady term in momentum equation (see Equation (2)),
while explicit approach is adopted for time discretisation in
volume fraction equation as shown in Equation (7). Courant
number is 0.25. The pressure-based segregated algorithm is

Figure 1. Comparison of predicted added mass and drag coefficients by SST model and measured those for a single heave plates with different KC number in reference
(Lopez-Pavon and Souto-Iglesias 2015) under condition of v/vr = 1.6.

Figure 2. Schematic of the heave plate and divided panels (a) Schematic of a
heave plate and (b) Divided panels at bottom of the heave plate.

Table 1. Model geometry.

Item Notation Dimension (mm)

Model draft hp 436.7–568.6
Column diameter Dc 50–133.6
Heave plate diameter DHp 334
Heave plate thickness tHp 1.67–133.6
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used to solve the non-linear and coupled governing equation.
The pressure-implicit with splitting of operators (PISO)
algorithm is chosen to decrease the iterations for the
pressure–velocity coupling solution. 20 iterations with PISO
pressure-velocity coupling algorithm are used to ensure the
divergence-free velocity field. Table 3 summaries the numerical
scheme used in this study. The governing equations are solved
by a software ANSYS Fluent. The time step convergence and
grid dependency are checked as mentioned by Oka and Ishi-
hara (2009) and Stern et al. (2001).

Forced oscillation tests are carried out in the numerical
simulations to evaluate the hydrodynamic coefficients, and
dynamic mesh with layering mesh update method is utilised
to simulate the movement of the model. The top of air phase
and the bottom of water phase are treated as stationary bound-
aries, while the model is oscillated up and down. Both split fac-
tor (as) and collapse factor (ac) for the cells near the boundaries
are 0.4 with respect to the first cell height (h1) at moving
boundaries. The layer of cells adjacent to the moving boundary
is split or merged with layer of cells next to it based on the
height of cells. The cell heights are allowed to increase until
h . (1+ as)h1, and the cell heights can be compressed until
h . ach1. The governing equations are solved based on newly
determined cell coordinate.

Boundary conditions are summarised in Table 4. No-slip
wall condition is adopted for the surface of the model. Sym-
metry conditions are utilised for both the top of air phase,
the bottom of water phase and the side wells, which indicates
the shear stress at the boundary is zero. Outflow boundary con-
dition (zero gradient of velocity) is applied to the inlet and out-
let as in the water tank test. In the LES model, the wall shear
stress is obtained from the laminar stress–strain relationship
when the centroid of wall adjacent cell is in the laminar sub-
layer with the height of y+ = 11.25 as shown in Fluent Theory
Guide (Ansys 2012). If the mesh is too coarse to resolve the
laminar sublayer, it is assumed that the centroid of the wall
adjacent cell falls within the logarithmic region of the boundary
layer, and the law-of-the-wall is employed. The grid and time-
step independencies have been systematically carried out for a
multi-plates model studied by Zhang and Ishihara (2018) and
the same parameters are used in this study.

2.4. Definition of hydrodynamic coefficients

In the numerical simulation, the model is vertically oscillated in
a sinusoidal form, i.e.

z(t) = a sin (vt) (8)

where z(t) is the displacement in the vertical direction from the
still water level (SWL), is the oscillating amplitude, v is the
oscillating frequency (= 2p/T) and T is the oscillating period.

The oscillating parameters used in present numerical simu-
lation are given in Table 5. KC number and the frequency num-
ber b shown in the table are defined as follows:

KC = 2pa
DHp

(9)

b = Re

KC
= D2

Hp

Tn
(10)

Figure 3. Computational domain and grids around the model. The distance between the model and inlet and outlet boundary is 40 Dc and 52 Dc , respectively (Dc is the
diameter of the centre column). Structured grid is generated in the computation domain, and the grid is refined at the locations where substantial flow separation is
expected (a) Computational domain and (b) Grids around the column and heave plate. (This figure is available in colour online.)

Table 2. Grid parameters near the column and heave plate.

Item Value and dimension

First layer in the radial direction 0.257 mm
First layer in the vertical direction 0.6 mm
Expanding factor 1.0–1.2
Grid number 3.5–3.9 million

Table 3. Numerical scheme.

Item Scheme

Turbulence model Smagorinsky-Lilly (Smagorinsky
1963) (Cs = 0.032)

Spatial discretisation method Second-order central difference
scheme

Time discretisation method for the
momentum equation

First-order implicit scheme

Time discretisation method for volume
fraction equation

Explicit scheme

Pressure–velocity coupling Pressure-implicit with splitting of
operators (PISO)

Courant number 0.25
Dynamic mesh Layering

Table 4. Boundary conditions.

Item Boundary conditions

Model walls No-slip wall
Top of air phase Symmetry
Bottom of the water phase Symmetry
Side walls Symmetry
Inlet and outlet Outflow (zero gradient of velocity)
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where Re is the Reynolds number DHp is the circumcircle diam-
eter of heave plate Hp and n is the kinematic viscosity of water.

The time series of the predicted hydrodynamic force, FH(t),
acting on the whole heave plate is obtained by subtracting the
buoyancy force, Fb, and hydrostatic force, FK (t), from the total
predicted force, F(t) i.e.

FH(t) = F(t)− Fb − FK(t) (11)

Fb, and FK (t) are given by

Fb = rwg∀ (12)

FK(t) = −KR z(t) (13)

where rw is water density, g is the gravitational acceleration, ∀ is
the displaced volume by the model at its mean position, KR is
the hydrostatic stiffness with KR = rwgAw and Aw is the water
plane area.

The hydrodynamic force defined in Equation (11) is
expressed in the form of Morison’s equation as follows:

FH(t) = −CaMat z̈(t)− 0.5CdrwA|ż(t)|ż(t)

= 1
3
CarwD

3
Hpav

2 sin (vt)− 1
2
CdrwA(av)

2|cos (vt)|(cos (vt))
(14)

where Ca is added mass coefficient, Cd is drag coefficient,
Mat = (1/3rwD

3
Hp) is the theoretical added mass of the heave

plate as defined in reference (Sarpkaya 2010), and
A = (1/4pD2

Hp) is the characteristic area of the heave plate
and ż(t) and z̈(t) are the velocity and acceleration of the
model motion, respectively.

As introduced in reference (Sarpkaya 2010), Fourier
averages of Ca and Cd are obtained as follows:

Ca =

T
0 FH(t) sin (vt)dt

1
3
rwD

3
Hpav

2
∫T
0
sin2(vt)dt

= 3
pvarwD

3
Hp

∫T
0
FH(t) sin (vt)dt

(15)

Cd = −

T
0 FH(t) cos (vt)dt

1
2
rwA(va)

2
∫T
0
|cos (vt)|(cos (vt))cos2(vt)dt

= − 3
4rwAva2

∫T
0
FH(t) cos (vt)dt

(16)

Parameters used for the calculation of Ca and Cd are listed in
Table 6.

3. Numerical results and formulas of hydrodynamic
coefficients

In Section 3.1, the numerical results are validated by comparing
the identified hydrodynamic coefficients with those obtained
from published experimental data. The distributed hydrodyn-
amic coefficients are then presented along with the discussion
about the effect of aspect ratio as well as diameter ratio in Sec-
tion 3.2. Formulas of radially distributed hydrodynamic coeffi-
cients are proposed in Section 3.3.

3.1. Integral hydrodynamic coefficients

The time series of the predicted hydrodynamic force is pre-
sented in a non-dimensional form as follows:

CF(t
∗) = FH(t)

1
2
rwA(va)

2
; t∗ = t

T
(17)

where FH(t) is the predicted hydrodynamic force according to
Equation (11), A = pD2

Hp/4 is the characteristic area of the
heave plate and t∗ is the non-dimensional time.

Time series of predicted hydrodynamic force becomes stable
after the initial first period. In order to prevent the effect of
initial solution on accuracy of evaluated hydrodynamic coeffi-
cients, the simulated data over period 3∼5 are chosen as the
data sample. The time series of non-dimensional hydrodyn-
amic force for one typical case is illustrated in Figure 4. The
predicted hydrodynamic force associated with Ca and Cd in
the Morison’s equation is also plotted in the figure. The

Table 6. Parameters used for the calculation of Ca and Cd.

Item Notation Value

Characteristic area (m2) A 0.0876
Displaced volume (m3) ∀ 0.001∼0.0178
Water density (kg/m3) rw 1000
Hydrostatic stiffness (N/m) KR = rwgAw = rwgpD

2
c/4 19.26∼137.53

Figure 4. Time series of non-dimensional hydrodynamic force acting on the whole
heave plate (KC = 0.38, rt = 0.2, Rd = 6.68). Cal. is the predicted hydrodynamic force
from the present numerical simulation, F_Morison represents reproduced hydro-
dynamic force by Morison’s equation with identified added mass and drag coeffi-
cient, F_Ca means the added inertia force component and F_Cd is the drag force
component in Morison’s equation. (This figure is available in colour online.)

Table 5. Oscillation parameters in numerical simulations.

Parameter Notation Value

Oscillating amplitude (m) a 0.02
Oscillating period (s) T 0.8
KC number KC 0.38
Frequency parameter b 139,028
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hydrodynamic force predicted by Morison’s equation matches
well with the numerical results in terms of both amplitude and
phase. In addition, the amplitude of non-dimensional force in
this study is about 18 and resulting Ca agrees well with that
measured by Lopez-Pavon and Souto-Iglesias (2015). Cd exhi-
bits some differences, since the frequency parameter, b, differs
between these two cases. Inertia force as shown in Figure 4 is
larger than the drag force since the KC number of 0.38 in the
present simulation is relatively small.

Figure 5 shows the variation of the predicted Ca and Cd and
those by the previous studies with diameter ratios. In the exper-
iment by Tao and Dray (2008), diameter of the heave plate is
400 mm, thickness is 8 mm and the diameter of column is
measured as 48.8 mm from their experimental figure. In the
experiment by Lopez-Pavon and Souto-Iglesias (2015), diam-
eter of the heave plate is 1000 mm, thickness is 5 mm and
the diameter of column is 350 mm. As shown in Figure 5(a),
Ca slightly increases as the plate diameter ratio increases.
This is because the wet surface at upper surface of heave
plate is larger when the diameter of attached column decreases.
The predicted Ca shows good agreement with the measure-
ment. By contrast, Cd shown in Figure 5(b) does not increase
monotonically with the increase in the diameter ratio because
the viscous damping is mainly contributed by the vortex shed-
ding at the outer edges of the heave plate. Increasing the wet
surface at upper surface of heave plate has a negligible effect
on the vortex shedding outside of the centre region. In the
interactive vortex shedding regime, interaction of positive
and negative vortex formed at the upper surface and lower sur-
face of heave plate will diffuse the vortex and decrease the drag
force compared with that in the uni-directional vortex shedding
regime as mentioned by Tao and Thiagarajan (2003a).

Figure 6 illustrates variation of the predicted Ca and Cd with
aspect ratios. It can be found from Figure 6(a) that Ca is inde-
pendent of the aspect ratio. This is because the change in thick-
ness has no influence on the characteristic area of upper and

lower surfaces of the heave plate, and thus has no remarkable
impact on dynamic pressure distribution in phase with accel-
eration. In contrast, Cd is strongly dependent on the aspect
ratio as shown in Figure 6(b). It is found that Cd decreases as
the aspect ratio increases. Variations of the thickness generate
distinct vortex shedding patterns, which have been reported
in the references (Tao and Thiagarajan 2003a; Tao and Thia-
garajan 2003b; Zhang and Ishihara 2018). Figure 7 reveals the
instantaneous vortex shedding around the heave plate with
two representative aspect ratios at time t = 0 when the heave
plate is moving upward from its mean position. The uni-
directional vortex shedding happens in the case of small aspect
ratio as shown in Figure 7(a), while the interactive vortex shed-
ding is observed for the case of large aspect ratio in Figure 7(b).
It is the emerging interaction of vortex shedding from upper
and lower surfaces of the heave plate that leads to the decreased
Cd . As the aspect ratio further increases, independent vortex
shedding pattern appears as reported by Tao and Thiagarajan
(2003b).

3.2. Distributed hydrodynamic coefficients

The predicted hydrodynamic force acting on each panel as
shown in Figure 2 includes the force caused by hydrostatic
pressure, which is excluded when evaluating the hydrodynamic
coefficients. The hydrodynamic force acting on the upper and
lower surfaces, FU

H,Pi(t) and FL
H,Pi(t) of each panel is obtained

as follows:

FU
H,Pi(t) = FU

Pi(t)+ rwgh
U
PiA

U
Pi − rwgA

U
Piz(t) (18)

FL
H,Pi(t) = FL

Pi(t)− rwgh
L
PiA

L
Pi + rwgA

L
Piz(t) (19)

where hUPi and h
L
Pi are the depths of the upper and lower surfaces

of panel Pi, AU
Pi and AL

Pi are the characteristic areas of the upper
and lower surface of panel Pi, respectively.

Figure 5. Variation of the added mass and drag coefficients with the diameter ratios. In the experiment by Tao, L and Dray, D (KC = 0.4, rt = 0.2), averaged Ca and Cd in
three oscillating frequencies (f = 0.1,0.5,1 Hz) are plotted in the above figure. In the experiment by Lopez-Pavon, C. and Souto-Iglesias (KC = 0.308, rt = 0.005), averaged
Ca and Cd in all oscillating frequencies are plotted in this figure (a) Added mass coefficient and (b) Drag coefficient. (This figure is available in colour online.)
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The dynamic pressure is defined as

Cp = p− rwghc
1/2rw(va)

2 (20)

where p is the pressure, which contains hydrodynamic pressure
and hydrostatic pressure, hc is the depth of the computational
cell from the still water level.

Figure 8 exhibits the time series of non-dimensional hydro-
dynamic force on the upper and lower surfaces of several panels
for the case of rt = 0.02 and Rd = 6.68. Here, the characteristic
area of each corresponding panel is used in the non-dimen-
sional form as in Equation (17). From Figure 8(a), the maxi-
mum hydrodynamic force on the upper surface of panels
P1∼P7 occurs at time t = 2/8 T when the acceleration of the

Figure 6. Variation of the added mass and drag coefficients with the aspect ratios. In the experiment by Tao, L and Dray, D (KC = 0.4, Rd = 8.2), averaged Ca and Cd in
three oscillating frequencies ( f = 0.1,0.5,1 Hz) are plotted in this figure. In the experiment by Lopez-Pavon, C. and Souto-Iglesias (KC = 0.308, Rd = 2.86), averaged Ca and
Cd in all oscillating frequencies are shown in this figure (a) Added mass coefficient and (b) Drag coefficient. (This figure is available in colour online.)

Figure 7. Instantaneous vortex patterns around the two heave plates with different aspect ratios at oscillating time t = 0. At this moment, the model is moving upward.
The non-dimensional vorticity shown in the figure is defined as W∗

X = WX × v. v is oscillating angular frequency (a) rt = 0.01 and (b) rt = 0.2. (This figure is available in
colour online.)
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moving model reaches its maximum. This indicates that the
inertia force relating to added mass is dominant compared
with the drag force. In contrast, the maximum force on the
upper surface of panel P9 occurs at time t = 4/8 T when vel-
ocity of the moving model reaches its maximum, which indi-
cates the drag force is dominant for the most outer panel.
From Figure 8(b), the hydrodynamic forces on the lower sur-
face are comparable with those on the upper surface except
for the panel P9. Magnitude of hydrodynamic force on
panel P9 is smaller than that on the other panels since the
primary source of drag force most comes from the outer
panel and it is the upper surface that provides the most
drag force. Moreover, as for panel P1∼P7, the hydrodynamic
force on the upper surface is in phase with that on the lower
surface owing to the characteristic distribution of dynamic
pressure as shown in Figure 9. The maximum hydrodynamic
force on the upper surface of panel P1 is slightly smaller than
that on the lower surface because the column is attached on
the upper surface, and thus, the area of upper surface of
panel P1 is smaller.

Figure 9 shows dynamic pressure distribution on the
xz-plane, upper surface, and lower surface of the plate in one
oscillating period. A pair of positive and negative dynamic
pressure is found on the upper and lower surface at time T +
2/8 T or T + 6/8 T. At time T + 2/8 T, the dynamic pressure
on the upper or lower surfaces gradually decreases from its
centre to the outer panels, which directly leads to the gradual
decrease in the hydrodynamic force as shown in Figure 8(a).
The resulting force on the panel P8 decreases by 34% compared
with that on the panel P1. At the moment T + 4/8 T, significant
negative dynamic pressure is found on the outermost panel of
the upper surface, which causes a large non-dimensional
hydrodynamic force on the panel P9 as shown in Figure 8(a).

The resultant force acting on each panel, FH,Pi(t), is calcu-
lated as follows:

FH,Pi(t) = FU
H,Pi(t)+ FL

H,Pi(t) (21)

where FPi(t) is the resultant force on the panel Pi, FU
H,Pi(t) is a

force on the upper surface of the panel Pi and FL
H,Pi(t) is the

force on the lower surface of the panel Pi.
Added mass coefficient of each panel is obtained from

Equation (15) as follows:

Ca,Pi = 3Madd,Pi

rw(D
3
Pi,outer − D3

Pi,inner)
, Madd,Pi

= 1
pva

∫T
0
FH,Pi(t) sin (vt)dt (22)

where Madd,Pi is the calculated added mass of the panel Pi and
DPi,outer and DPi,inner are the outer and inner diameter of the
panel Pi, respectively. Similarly, Cd for each panel Pi is defined
with respect to the characteristic area of corresponding panel as

Cd,Pi = − 3
4rwAva2

∫T
0
FH,Pi(t) cos (vt)dt (23)

Figure 10 shows the distributed Ca and Cd of each panel with
different aspect ratios. represents the distance of panel to the
heave plate centre. r = 0 means the heave plate centre and r = 1
locates at the outer edge of the heave plate. Three sets of data
with aspect ratio 0.01, 0.03 and 0.2 are shown in the figure. Simi-
lar to the integral Ca, the distributed Ca shown in Figure 10(a)
exhibits weak dependence with aspect ratios. The Ca decreases
dramatically from the centre to the outer edge because of the
reduction of resultant force. As for the Cd shown in Figure 10
(b), it keeps stable in the inner part of the plate and increases sig-
nificantly near the outer edge, which is consistent with the con-
clusion about the load distribution shown in Figures 8 and 9. The
Cd for the outer panel exceeds 15 in the case of rt = 0.01 and the
Cd for the inner panel shows an increasing tendency as aspect
ratio decreases. Therefore, decreasing the thickness of plate or
adding the thin skirt at the outer edge of plate would be effective
for increasing hydrodynamic damping of platform in its vertical
direction.

Figure 8. Time series of the non-dimensional hydrodynamic force acting on upper and lower surfaces for each panel of the plate. Value of non-dimensional hydrodynamic
force on the adjacent panel is close, the forces on every two panels (P1, P3, P5, P7 and P9) are shown in these figures for a better view. Definition of each panel is shown in
Figure 2 (a) Upper surface and (b) Lower surface.
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Figure 9. Four moments of distribution of dynamic pressure on the x–z, upper and lower surface of plate within one oscillating period. Fifth instant is same as first. At
moment t = T, the model is starting to move upward. The model shown here has the diameter ratio Rd = 6.68 and aspect ratio rt = 0.02 (a) xz plane, (b) Upper surface and
(c) Lower surface. (This figure is available in colour online.)

582 S. ZHANG AND T. ISHIHARA



Figure 11 presents the distributed Ca and Cd of each panel
varying with different diameter ratios. Two sets of data with
diameter ratio 6.68 and 2.5 are shown in the figure. The
diameter ratio is changed by varying the diameter of the
attached column. In the case of large diameter ratio, inner
part of the upper surface does not experience hydrodynamic
force. As a result, Ca of the panel occupied by the column
decreases significantly as shown in Figure 11(a). This is
also true for the distributed Cd on the inner panels as
shown in Figure 11(b), while Ca and Cd of the other panels
remain unchanged.

By rewriting Equation (14), time series of total hydrodyn-
amic force on panel Pi is reproduced in the form of Morison’s
equation as follows:

FH ,Pi(t) = 1
3
Ca,Pirw(D

3
Pi,outer − D3

Pi,inner)av
2 sin (vt)

− 1
2
Cd,PirwA(av)

2|cos (vt)|(cos (vt)) (24)

where Ca,Pi and Cd,Pi are the added mass and drag coefficient
obtained from Equations (22) and (23).

The time series of the non-dimensional hydrodynamic force
is expressed as follows:

CF(t
∗) = FH(t)

1
2
rwA(va)

2
; t∗ = t

T
(25)

As observed from Figure 8, the magnitude of hydrodynamic force
on the upper surface for each panel of the plate is close to that on
the lower surface. By assuming the hydrodynamic force on upper
and lower surface of each panel is same, the non-dimensional
hydrodynamic force can be expressed as follows:

CUpper
F ,Pi

(t∗) = CLower
F ,Pi

(t∗) = 1
2
C

F ,Pi
(t∗) (26)

Comparison of calculated and reproduced non-dimensional
hydrodynamic force on upper and lower surface of the heave
plate is shown in Figure 12. Except for panel 9, reproduced

Figure 10. Variation of the distributed added mass and drag coefficients of the panel with the radius for different aspect ratios (a) Added mass coefficient and (b) Drag
coefficient.

Figure 11. Variation of the distributed added mass and drag coefficients of the panel with the radius for different diameter ratios (a) Added mass coefficient and (b) Drag
coefficient.
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force shows a good agreementwith the calculated force in terms of
both magnitude and phase, proving that the distributed force on
each panel could be predicted via a form of Morison’s equation
once the corresponding addedmass and drag coefficient are deter-
mined. As for panel 9, magnitude of hydrodynamic force on
upper surface is underestimated while the force on lower surface
is overestimated, reflecting thedeficiencyofMorison’s equation in
the prediction of hydrodynamic force on the outer panel where
drag force is dominant. In the next section, formulas of radially
distributed Ca and Cd are proposed to predict the distributed
hydrodynamic force via Equation (24) for structural design.

3.3. Formulas of radially distributed Ca and Cd

In this section, formulas of radially distributed Ca and Cd are
proposed. The formulas of integral Ca and Cd are proposed

and validated by Zhang and Ishihara (2018). The distributed
Ca is assumed to follow an exponential function of Ae−Br. The
decay factor B is identified according to the distributed Ca as
shown in Figure 10(a) and the coefficient A is evaluated by
ensuring the integrated Ca equals to the total value given by
the formula proposed by Zhang and Ishihara (2018). In order
to consider the effect of column on the upper surface, a piecewise
function is proposed and a reduction of 50% is applied since the
hydrodynamic force within the region occupied by the column is
zero, while that in the outer region is unchanged. Consequently,
formula of the radially distributed Ca is expressed as follows:

Ca = 7.23(1+ 0.2KC)3e−2.9r ; r . 1/Rd

0.5(7.23(1+ 0.2KC)3e−2.9r); r ≤ 1/Rd

{
(27)

where r is the normalised radial distance, KC refers to KC num-
ber and Rd = DHp/Dc represents the diameter ratio.

Figure 12. Time series of the reproduced non-dimensional hydrodynamic force acting on upper and lower surfaces for each panel of the plate. Value of non-dimensional
hydrodynamic force on the adjacent panel is close, the forces on every two panels (P3, P5, P9) are shown in these figures for a better view. Definition of each panel is
shown in Figure 2 (a) Upper surface and (b) Lower surface. (This figure is available in colour online.)

Figure 13. Comparison between the predicted hydrodynamic coefficients and the numerical results for different KC numbers and aspect ratios with Rd = 6.68 (a) Added
mass coefficient and (b) Drag coefficient.
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As with Cd , the three-order polynomial function is assumed
and parameters are identified according to the distributed Cd as
shown in Figure 10(b). By ensuring the integrated Cd equals to
the value proposed by Zhang and Ishihara (2018), the formula
of radially distributed Cd is expressed as follows:

where rt(= tHp/DHp) is the aspect ratio, tHp is the thickness, and
DHp is the diameter of heave plate.

Figure 13 shows comparison between the predicted hydro-
dynamic coefficients and the numerical results for different KC
numbers and aspect ratios with Rd = 6.68. In Figure 13(a), KC
= 0.38 represents the oscillating amplitude of a = 0.02 m, and
a = 0.04 in the case of KC = 0.76. The diameter ratio Rd =
6.68 and aspect ratio rt = 0.02 remain unchanged in the
study of KC number effect. In Figure 13(b), KC = 0.38 and
Rd = 6.68 remain unchanged in the study of aspect ratio
effect. The distribution of Ca predicted by proposed formula
matches well with the numerical results for the different KC
numbers as shown in Figure 13(a). From Figure 13(b), the
shape of Cd predicted by proposed formula shows good agree-
ment with the numerical results for the different aspect ratios
especially in the region near the plate centre, while the pro-
posed formula underestimates the Cd near the edge of the
plate. The change of vortex shedding pattern around the
edge of plate makes the prediction of Cd far more complex
which is expected to be improved in future study by introdu-
cing one specific parameter to consider the vortex shedding
pattern change.

Figure 14 presents a comparison between the predicted
hydrodynamic coefficients and the numerical results for differ-
ent diameter ratios with rt = 0.02. The proposed piecewise

function of Ca matches well with the numerical results. The dis-
tributed Cd by the proposed formula is slightly underestimated
due to the underestimation of total Cd for this aspect ratio of
0.02.

4. Conclusions

In this study, distributed hydrodynamic coefficients of
circular heave plates in the radial direction are
investigated by numerical simulations for different diameter
and aspect ratios. The conclusions are summarised as
follows:

1. Thedistributedhydrodynamic forceon theheaveplate is inves-
tigated by the flow visualisation. The hydrodynamic load
decreases with the distance from the centre of heave plate
and the difference in the time series of the hydrodynamic
forces on the inner and the outermost panels is caused by the
vortex shedding around the outer edge of heave plate.

2. The added mass coefficient decreases with the distance
from the plate centre to the outer edge, while the drag
coefficient increases from the centre to the outer edge
due to the vortex shedding at the outer edge of the plate.
In addition, the effect of aspect and diameters on the dis-
tributed hydrodynamic coefficients shows the same ten-
dency as the whole hydrodynamic coefficient of the
heave plate.

3. Formulas of the distributed Ca and Cd in the radial direction
are proposed and validated by the present numerical simu-
lations. The predicted distributions of Ca and Cd show

Figure 14. Comparison between the predicted predicted hydrodynamic coefficients and the numerical results for different diameter ratios with rt = 0.02 and KC = 0.38 (a)
Added mass coefficient and (b) Drag coefficient.

Cd = max {1.7r−1/3.7
t (KC)−1/2.5 − 5.08+ 13.9r − 33.4r2 + 31.3r3, 0}; r . 1/Rd

0.5[max {1.7r−1/3.7
t (KC)−1/2.5 − 5.08+ 13.9r − 33.4r2 + 31.3r3, 0}]; r ≤ 1/Rd

{
(28)
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favourable agreement with the numerical simulations for
different diameter and aspect ratios.
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